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PRECISE ASYMPTOTICS: ROBUST STOCHASTIC VOLATILITY MODELS

P. K. FRIZ, P. GASSIAT, P. PIGATO

ABSTRACT. We present a new methodology to analyze large classes of (classical and rough) sto-
chastic volatility models, with special regard to short-time and small noise formulae for option
prices. Our main tool is the theory of regularity structures, which we use in the form of [Bayer et
al; A regularity structure for rough volatility, 2017]. In essence, we implement a Laplace method
on the space of models (in the sense of Hairer), which generalizes classical works of Azencott and
Ben Arous on path space and then Aida, Inahama—Kawabi on rough path space. When applied
to rough volatility models, e.g. in the setting of [Forde-Zhang, Asymptotics for rough stochastic
volatility models, 2017], one obtains precise asymptotic for European options which refine known
large deviation asymptotics.
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1. INTRODUCTION

We revisit the large deviation theory of option pricing under stochastic volatility. More specifi-
cally, we are interested in the short dated regime where resulting asymptotic expansions are widely
used. In classical (Markovian) stochastic volatility models, such expansions are typically derived
from existing heat-kernel expansions, and this approach was followed by many authors, see e.g.
[35, 47, 43, 34, 16, 17, 4] and the monographs [37, 32] with many references. Viscosity solutions to
non-linear partial differential equations provide an alternative route to some of these results [11].

A main feature of this work is to provide a sufficiently general setup to treat the novel class of
rough volatility models, term coined in the seminal work [31]: volatility follows an anomalous diffu-
sion with (negative) long range correlations described by a Hurst parameter H < 1/2 (with sample
paths rougher than those of Brownian motion). The statistical evidence in [31] was subsequently
explained from a market microstructure model [18]. Evaluation of Wiener functionals (“pricing”)
under rough volatility goes back to [2], followed by [29, 7, 30, 22, 19] and now many others. It was
recently seen [8] that Hairer’s theory of reqularity structures [36], a major extension of Lyons’ rough
path theory [46], provides a robust formulation of rough volatility models. This was used to derive
large deviation estimates, extending the results of [22].

The contribution of this paper is a general methodology, applicable to large classes of (classical
and rough) stochastic volatility models in a unified way, to go beyond large deviations and compute
precise asymptotics. In essence, we achieve this by a carefully designed Laplace method on the
space of models (in the sense of [36]), which generalized the notion of rough path space, itself a
generalization of classical pathspace. Let us also emphasize that we deal with “call price” Wiener
functionals of the form “E(f(Xf))”, with f(z) ~ (e® — €*)* which is not at all of the form
“E(exp F(X¢)/e?)” discussed in Ben Arous [3] (see also [5, 12]), later revisited by the Japanese
stochastic / rough analysis community [1, 39, 40, 38]. Perhaps closest in spirit, in a classical
diffusion setting, Azencott [6] studies “P(X{ > k)” using, among others, anticipating stochastic
calculus (something we shall elegantly bypass with pathwise methods). As is typical for the Laplace
method, a rigorous treatment of the remainder term requires great care. In this regard, Azencott
[6] notes “Il serait trés intéressant d’avoir une justification systématique générale de la validité
des développements formels de ce type et nous avons (& moyen terme!) une vue assez optimiste
sur lexistence d’un formalisme indolore et garanti mathématiquement.” The here proposed use of
regularity structures (or in the H = 1/2 diffusion case: rough paths) provides exactly this type of
formalism.

Our results cover general stochastic volatility models as studied in [11, 16, 17]. For the sake of
clarity, we leave the full statement to the main text (Theorem 6.1) and here give a loose formulation:
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Theorem 1.1. Consider a, possibly rough with H € (0,1/2], stochastic volatility model (SVM),
with arbitrary number of factors, which can be robustified in the sense of rough paths or regularity
structures. Consider European call prices ¢ = c(t, k) with (out-of-money) log-strikes k. = xe'~2H >
0. Under a non-degeneracy assumption for the most-likely path, there exists a rate function A =
A(z), regular near =, and a function A = A(x) ~ 1 as z | 0, such that, with 02 = 2A(z)/N (x)?,
we have small noise asymptotics of the form

2 - A@)\ 11am A(x)
- et e (=S50 ) 4 R

Let us point out that short-time asymptotics are obtained from small-noise via the substitution
g2 =t. In case H = 1/2, Theorem 1.1 deal with classical SVMs and is in agreement with Kusuoka—
Osajima [43, 47]. In this case, the energy function A(x) has a geometric interpretation (shortest
square-distance to some arrival manifold determined by log-strike k& = x). For strictly positive
spot-volatility and sufficiently small x, the non-degeneracy condition is satisfied and the expansion
(1.1) is valid. In the geometric (H = 1/2) setting the non-degeneracy can be formulated in terms
of focal points [16, 17]. This also provides a computational framework (Hamiltonian differential
equations) to construct examples where such and related expansions break down for critical OTM
level 2* > 0, see e.g. [10]. (In particular, one cannot hope for validity of such an expansion to hold
true for all  without the said non-degeneracy assumption).

The “robustness” assumption (in the sense of rough paths or regularity structures) essentially
requires some smoothness of the coefficients in the model, which seems to rule out (classical and
rough) Heston-type model because of square-root coefficients. While such degeneracies are not at
all the focus of this work, we point out that that our expansion is determined by a neighbourhood of
the most-likely path, in uniform (and even stronger) metrics. Hence, any “initial” localization to a
uniform neighbourhood of the most-likely path, obtained by pathwise large deviations (such as [48]
in the Heston case), essentially allows to ignore the square-root issues and to apply our theorem,
consistent with known Heston results [21, Thm 3.1].

as €} 0.

The main interest of our theorem, of course, lies in the rough regime H € (0,1/2), where in
particular it refines RoughVol large deviations studied by Forde-Zhang [22]. Granted some minimal
moments assumptions, it applies to rough volatility models as discussed in [7, 8] and notably the
rough Bergomi model (with log-normal fractional volatility and negative correlation). The previous
remark on Heston applies mutatis mutandis to the rough Heston model [20]. As a sanity check,
let us also point out that Black-Scholes corresponds to H = 1/2, A(z) = 22/(20?) and o, = o.
In case of zero rates, the log-price has mean u = 7502 so that Theorem 6.1 (with computable
A(z) = e=*/?) gives the correct Black-Scholes asymptotics,

x? e
c(e?,x) ~ exp (— 26202) e’ $2\/ﬂe ©/2 ase | 0.
There is little hope, of course, to obtain explicit formulae for A = A(x) and A = A(z) in the
case of generic (rough or classical) stochastic volatility models. That said, once a model has been
specified, and Theorem 1.1 specifies the general form of the asymptotic expansion, one can try to
expand A and A around x = 0. It is clear that such an expansion only depends on the coefficients
of the specified model near the startpoint (i.e. spot and spot-vol). This has been done in the
classical Heston case in [21] and for smooth SVMs in [47]. For rough volatility models of Forde-
Zhang type, an expansion of A = A(x) to third order was given in [9]; this work also dealt with
“moderate option” pricing [28] under rough volatility, which is refined and generalized in the present
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work. Implications for implied volatility asymptotics were then seen to complement those given
in [2, 29, 30]. Further explicit computations in the rough volatility case (starting with refined
expansions of A, A) are possible (but lengthy) and left to [27], together with consequences for
implied volatility and numerical evidence.

2. NOTATION

Wiener space C([0, 1], R™) supports m-dimensional standard Brownian motion W = W(t,w)
and contains the Cameron—Martin space H = H' C C([0, 1], R™) of square-integrable paths. It is
tacitly assumed that all Brownian and Cameron—Martin paths start at the origin. When m = 2,
write W = (W, W) and h = (h,h) accordingly; given a correlation parameter p € [1,1], and
p?+p* = 1, a scalar Brownian motion (p-correlated with W) is given by W= pW +pW. Similarly,
write b = ph + ph. By Hurst parameter we mean a scalar H € (0,1/2]. Convolution with the
singular kernel K (s,t) = v2H|t — s|"~1/?1g,; is known to f-regularize, with 8 = 1/2 + H.
(When H = 1/2, this is precisely indefinite integration.) Applied to scalar white noise W, a.s. in
the negative Holder space C~1/2" | we get a (Riemann—Liouville or Volterra) fractional Brownian
motion W = KH « W € CH  as. We use the same notation and write h = K « h € H?,
where h € L2 = H° and H? denotes a fractional Sobolev space. Throughout, X = (X,Y) is a
n-dimensional stochastic process, with scalar first component X = X (¢,w), given in terms of an
m-dimensional Brownian motion W, and possibly the Volterrification of some components (such as
W) We shall assume a robust form, which allows to write X as continuous function of W = W (w),
which is a suitable enhancement of W to a random element in rough path space C*, « € (1/3,1/2)
or more generally, a random element in the space of models M = M" defined on a regularity
structure whose precise form depends on the dynamics at hand. (The case of rough volatility is
reviewed in detail in the Appendix.)

3. PRELIMINARIES ON BLACK-SCHOLES ASYMPTOTICS
The Black-Scholes log-price at time ¢t = €2 is given by
X =e’u+eoBy ~ N (tu,0%t) .
Consider log-strike k£ > 0 and set

75 =2 u+eo(By +k/eo) =k +eoBy + 2.

c + kB k2
Z5 k 1
E [(@ —et) e (—w - 25202)]

k2 kB 2 +
= e 22,7 ekE |:€_ 601 (eea'Bl-‘rE no_ 1) :|

Then the call price is given by

E [(exf - ek)j

kB

2
~ 6_25k2¢72 ekE |:6_ =2 (60’31 +52/,6)+}
2
= e ol E {6_% (B1 + E,u/U)Jr} .

The justification of ~ comes from a Laplace type argument: the asymptotic behaviour is determined
on the event {|eB;| < 6}, for any fixed § > 0, which in turn allows to replace e*B* — 1 by eB;.
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(Details are left to the reader.) The next lemma, applied with &€ = e0'/k (so that eu/o = €ku/o?)
then gives

3 k
(3.1) E [(BXf — ek>+} ~ 6_% 3. 9C  ku/o®
k2v/2m
Lemma 3.1. Ase — 0,
2

E [67ﬁ (B —|—6oz)+] £ ea
€ 1 ~ .
V2T

One can prove Lemma 3.1 with an elementary Laplace type argument, noting that the relevant
contribution comes from 0 < By + e < 4, any 6 > 0. (This also explains why changing B; + e«
by, say, By + ea + eBj + B3, will not change the asymptotics.) That said, Lemma 3.1 is also an
immediate consequence of the following (non-asymptotic) estimate, which offers some flexibility in
the sequel.

Lemma 3.2. Let « € R, v € [0,1), € strictly positive, and N ~ N(0,1). Then for some C > 0, it
holds that

min [(1 = 7)e™7 +29, (1 +7)e™7 | — 2 (C(1 + 0?) max{e™7,e77} + 67)
(3.2) <V27e R [exp (—e7'N) (N +~|N|+ EO[)+}
<max [(1=9)em™T +27, (1+7)em3 ]

Proof. The middle expression (3.2) equals

2 e 2/2 -4 + e 2e?/2 +
g~ / eV 27 (y+lyl +ea)t dy =/ eV 2 (v 4 Alv] + )t do.
— 00

— 00

The elementary 1 — y?/2 < exp(—4?/2) < 1 then leads to the stated bounds. Indeed,

+oo
(3.2) < / e (v+ || + )T dv

— 00

which is computable: when « < 0, the right-hand side equals

(1 —|—7)/ (v + a) e™Vdv = (147)e™
- 1+«

whereas when o > 0 we have

0 oo
/ e (vl —7)+a) dv—|—/ e " (v(l4+7)+«a)dv
_ _«a 0

=
=(1—~)e™ + e~ "2vyvdv
(1—~ ot
0
=(1 —7)eT7 + 2.

To obtain the lower bound, use e~V /2 > 1 —4?/2 and split the integral to obtain

—+o0 2 ee]
(3.2) > / e’ (w4 y|v+a)t dv— %/ e "% (v 4+ [yJv + )t dv.

— 00 — 00
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The first integral is computed as before. For the second one, we again distinguish according to the
sign of . When a < 0 we obtain

oo 2
eTH / e " (u — oz) udu < Ce™ (1 + a?)
0 L+y

whereas in the case o« > 0 we have

o0

0
/_L e v (v(1 =)+ ) dv + / e 0% (v(1 4 7) + a) dv

T— 0

0o 2 oo
a 87 <
=eT7(1—7 / e (u — > udu +/ e V2yv3dv
( ) 0 L+~ 0
<CeT7 +12+.

4. UNIFIED LARGE, MODERATE AND ROUGH DEVIATIONS

We now put forward our basic large deviation assumption. The object of interest is a scalar
process (X¢), with the interpretation of a log-price process run at speed 2. The reader can have in
mind an It6 diffusion: classical StochVol models assume that (X¢) is one component of a higher-
dimensional Markov diffusion; RoughVol models have additional components driven (or given) by
fractional Brownian motion. We further note that our setup includes pricing in the moderate
deviation regime.

4.1. Basic large deviation assumption (Al).
(Ala) The family {X] : 0 < ¢ < 1}, given as unit time marginal of a rescaled process X<,

X = §XE
€

satisfies a LDP with rate function (a.k.a. energy) A and speed 2% > 2.

(A1lb) The (in general only lower semicontinuous) rate function A is continuous.!
Note that a large deviation principle for (X¢) may or may not hold. Remark that condition (Alb)

is known in all the StochVol / RoughVol setting interesting to us (cf. references below).

Example 4.1 (Black-Scholes / Schilder LDP). Let Xt = eoB; + &2u (with u = —02/2 in absence
of rates) and a LDP holds with

g=¢, Alx)=Z

202
Example 4.2 (Classical StochVol, Freidlin-Wentzell LDP). Here A is in general non-explicit, but
has an interpretation in terms of geodesic distance from arrival log-spot/spot-vol (0,yp) to the
arrival manifold (z,-). In a locally elliptic setting, the rate function is viscosity solution to eikonal
equation hence continuous, see e.g. [11, Thm 2.3]. It is shown in [16] that A is smooth “away from
focality points” which is always the case for = close to zero.

Example 4.3 (RoughVol, Forde-Zhang LDP [22]). Let H € (0,1/2]. With
1 . o 1 1 -
X5 = / o (W) ed (W + pW) - 752/ o* (5W)at
0 2 Jo

n the sequel, we will formulate conditions that guarantee that A is even smooth.
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where W = KH « W, €:=¢2H  the LDP assumption holds for

o= [ o (W) 2@+ ow) - 1oz [0 (o)

2H

i.e. with € =2 =&, and with continuous [22, Cor. 4.6.] rate function

1
41) A = T(2) = it {[|h T :/0 o (R)d (B + ph) = o} = L1h* 5" 12 -

We note that [22] assumes a (linear) growth condition on o(.); it was later seen that the growth
condition of ¢(.) can be removed so that the exponential form of the volatility function (“rough
Bergomi” [7]) is covered. In fact, this follows immediately from assumption (A3a-c) below, which
hold in the RoughVol setting, due to [8]. But see also [41, 33] for related results.

Example 4.4 (Black-Scholes MDP). Take 3 € [0,1/2) and & = £!=2%. Then the LDP assumption
holds, with speed 2 and rate function A(x) = ;—022, for

& _ _ g€ 2
X, =€0By +&u= g(eaBl +e°u) .

Example 4.5 (Classical StochVol, moderate deviations regime [28]). With 5 € (0,1/2) and € =
1720 as above, one finds that X; = £ X7 satisfies the same MDP as Brownian motion, with Black-
Scholes paramter o replaced by spot-volatility 9. For 8 = 0 we are in the realm of Freidlin-Wentzell
LDP, 8 = 1/2 is the central limit scaling.

Example 4.6 (RoughVol, moderate deviations regime [9]). Consider the log-price X¢ under

RoughVol, as introduced in Example 4.3. Let 0 < 8 < H < 1/2 and set € = 228, Then

the LDP assumption holds, with speed 22 and rate function A(z) = for

X
207
—¢ g

For 8 = 0, we are back in the large deviation setting, 5 = H is the central limit scaling.
4.2. Moment assumption (A2) and large deviation option pricing. Fix > 0 and consider
(possibly rescaled) log-strike

0<k.=(/fe)x<uz.
Note: k. = x in classical StochVol large deviations, k. — 0 in rough and moderate cases. Note

(4.2) PXC > 2] = PIXS > k] = exp (_A(x);o(l)) ’

which has an interpretation in terms of out-of-the money digital option prices. We are interested
in call-prices of the form

E[(exp(X§) — exp(ke)) "] = E(exp(X2/2) — exp(we/2)) ] .
Since a LDP for random variables (X¢) says nothing about their integrability, we need a (very mild)
moment assumption.
(A2) There exists p > 1 such that limsup,_,o E[(exp(X{)P] =:m, < 00
Here is a typical way to check (A2). The proof is left to the reader.

Lemma 4.7. Assume e~ "t exp(X;) = S; is martingale, with X; = X§ and €2 = t. Assume there
exists p > 1 and t > 0 such that E[SY] < co. Then (A2) holds.
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Remark 4.8. Condition (A2) has been carefully crafted not to rule out models with log-normal
volatility. Specifically, it is satisfied by the “log-normal” SABR model with § = 1 and with
correlation parameter p < 0, cf. [49, 42, 45].

Proposition 4.9. Assume (A1-A2). Fiz x > 0 and set k. = (¢/€) xz. Then

E[(exp(XF) — exp(k.))*] = exp (f\@f);o(ﬂ) .

Proof. We prove (and later: need) only the upper bound. Fix y > = and consider € € (0, 1] so that
/e =v. > 1 and then

E|(exp(X7) — exp(k:))"]

El(exp(X1/ve) — exp(a/ve)) g ey )]

+E[(exp(X]) — exp(ke)) "L zos ]

(/v — e )P P[X| > a] + El(exp(X{)P]V/PP(X] > y)'/4
(¥ —e") P P[X] > 2] + E[(exp(X{)P]/PP(X| > y)!/

where we have taken Holder’s inequality for the second term, thanks to (A2), with Hoélder
conjugate ¢ = p’ < oo, and, uniformly over small &, with E[(exp(X§)P]'/? < co. Use (A1) to obtain

IN N

limsup 2% log (E[(exp(X§) — exp(k.))"]) < max <—A(x), _A(y))

e—0 q
and we conclude by letting y — +o00. (Thanks to goodness of the rate function, one cannot reach
infinity at finite cost so that A(y) — oo as y — 0.) O

When applied to classic StochVol option pricing in the short-time limit, ¢ = £2, Proposition 4.9
is a rigorous formulation of what is often loosely written as

E[(S; — K)t] m e MR/t
where A(k) is the rate function, k = log(K/Sp). Similarly, under RoughVol, with energy function
A, this relation becomes
B[(S: — Ki)*] & e/

where K; = Sy exp(mtl/ 2=H) In the corresponding moderate regime one has

$2
I

with L; = Spexp(zt!/2~(H=8)) where 0 < 8 < H < 1/2. (The “moderate” approximation formula
under classical StochVol is exactly of the same form, with H = 1/2.)

The remainder of this paper is devoted to replace ~ by a honest asymptotic equivalence, as seen
in the Black-Scholes example: for fixed z > 0, as t } 0,

E[(eoBt+ut _ ea:)Jr] ~ €7w2/(2a2t)t3/2 0326;(5%”2

As we shall see, our methods apply in great generality to obtain such “precise” large deviation
for StochVol and RoughVol. A detour is necessary in the moderate regime where the presence of
another scale e rules out the stochastic Taylor expansions in & = £2/7. Nonetheless, we have precise
enough control, that the moderate expansion is obtained, in essence, from uniformity of our precise
large deviation estimates.
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5. EXACT CALL PRICE FORMULA

Under assumptions (A1), (A2) Proposition 4.9 tells us that

(e k) o= () — expl )] = e (252

We are interested in refined asymptotics. To this end, we have to be more explicit about the con-
struction of the X¢. The basic setup, is an m-dimensional Wiener space C([0, 1], R™), equipped
with the Wiener measure, as common underlying probability space for the processes (X¢), con-
structed, for instance, as strong solution to stochastic It6 or Volterra differential equations. In
all these examples, (X¢) has somewhat obvious meaning when the white noise W is replaced (or
perturbed) by some Cameron-Martin element h € L2([0,1], R™) — which in turn underlies large
deviation (and precise) asymptotics. If one wants to be less specific about the origin of the Wiener
functionals under consideration, exhibiting the right abstract condition is no easy matter and leads
to various notions of “regular” Wiener functionals [44] (applied to option pricing in [43, 47]). Our
abstract assumptions, cf. (A3) and (A4) are different: in a sense we avoid working with a regular
Wiener functionals by imposing stability w.r.t. a suitable enhancement of the noise which restores
analytical control.

5.1. The case of SDEs and (classical) StochVol. Follow the setting of [5, 6, 3]. Consider an
n-dimensional diffusion given in It6 SDE form, in the small noise regime

dX° = b(e, X°)dt + 7(X)edW |

with fixed initial data, driven by an m-dimensional Brownian motion W. In a (classical) StochVol
setting, X¢ = (X¢,Y*®) € R x R"~! where X¢ has the interpretation of price (or log-price) process,
together with (n — 1) volatility factors. Fix ¢ > 0. Under standard assumptions on b, o there exists
a measurable map (“Itdé-map”) ¢° on Wiener space,

X (w) =: ¢°(eW(w)) .

Provided that b(e, ) converges suitably to b(0, -) as € | 0, the family (X¢) is exponentially equivalent
to ¢°(eW(w)); a small noise LDP in this setting is provided by Freidlin-Wentzell theory, with
(good) rate function given by formal application of the contraction principle and Schilder’s LDP
for Brownian motion. Stochastic Taylor expansions of the form

(5-1) $1(eW(W) +h) = ¢} (h) + g1 (w) +e%ga(w) + -+ + " gn_r (W) + 77 (w)

are easily obtained by a formal computation (and can subsequently be justified, including remainder
estimates). In Lyons’ rough path theory one enhances noise W to a (random) rough path of the
form W = (W, [W @ dW) € C* «a € (1/3,1/2), with Itd integration, such that

¢°(W(w)) = &°(W(w))

where ®¢ is the [t6-Lyons map, known to be locally Lipschitz continuous with respect to suitable
rough path metrics. Scaling eW lifts to rough path dilation W = (eW,e? [ W @ dW) so that
¢ (eW(w)) = P°(6.:W(w)). (A LDP for §:W in rough path topology then provides an easy proof
of Freidlin-Wentzell large deviations for SDEs, see e.g. [24, Ch.9].) Last but not least, Cameron-
Martin perturbation W — W + h lifts to rough path translation, formally given by, T, W = (W +
h, [(W +h) ® d(W + h)), so that, for fixed h € H and any n = 1,2, ...,

$1(eW(w) +h) = P (Th(6:-W)) = @7 (h) + eG1(W) + - + "1 Grot (W) + R (W)
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We insist that the second equality is a purely deterministic “rough Taylor expansion”, which be-
comes random only after inserting the random rough path W = W (w), constructed from Brownian
motion. The point of this construction (developed in [1, 39, 40, 38]) is the robustification of all
terms in (5.1), i.e.

91(w) = G1(W(w)), g2(w) = G2(W(w)), ..., 7, (w) = R, (W(w)) -

r'n

with precise (deterministic) rough path estimates, notably (cf. [39, Thm. 5.1])
(5-2) R, (W)l S (L + [[TWI")

valid on bounded sets of §:W, uniformly over € € (0,1]. As will be seen, expansion to order 2 is
sufficient for our purposes.

We need to understand the behaviour of G1, G2 under scaling and translation. The situation is
somewhat simplified by assuming that the drift vanishes to first order, as is typical in the setting
of short-time asymptotics.

Assume 9:5(0,-) = 0. Then 9.9(0,-) = Oe|e=®°(-) = 0 and, for all ¢ € (0,1], h € H, and
W e C~,

OY(Th(6:W)) = Y(h) + G (W) + £2GH(W) + Ry*(W)
with continuous linear GY := G and continuous quadratic
GY = Gqy — %8§€¢(07h)
and remainder estimate for Rg’E(W) exactly as in (5.2). Here we call a map G : C* — (C]0,1]
continuous linear if there exists a continuous linear map G : C* — C10, 1] so that G(W) = G1(W).
(As a trivial consquence, sup{G(W) : |[[|[W]|]| < 1} < oo and G(Tx0.-W) = G(k) + eG(W).)
Similarly, call a continuous map G : W — C[0,1] continuous quadratic if sup{G(W) : |[|[W]|| <
1} < 0o and
G(Tk0.W) = G(k) + eG(W, k) + £2G(W)

where G(W, k) = G5(W, k), for a continuous bilinear map G5 : H x C* — C[0, 1].

Example 5.1 (Black-Scholes). Let X{ = ¢,(e,eB) with ¢, (¢, B) = €2y + 0 B;. (There is no need
for a rough path lift here.) After a Girsanov shift eB — eB + h, have
75 = ¢,(e,eB+h) = chy +e0By + %,

which allows to read off g1,¢2 (and hence Gi,G3, in obvious “pathwise” robust form) and zero
remainders. Note ¢,(e,h) = ohy + 2p, so that $9%¢,(0,h) = p. (There is no need here to
distinguish between ¢ and ®). In particular, GJ = 0.

5.2. The case of rough volatility. Following the notation of Example 4.3, we consider the small
noise setting for rough volatility. Let o(.) be a scalar function. There is interest in avoiding too
restrictive growth conditions on o(.) such as to include exponential functions (cf. RoughBergomi
[7]), whereas one can safely assume o(.) to be smooth. Recall € = ¢/ H € (0,1/2]. Recall that

W = (W, )
consists of two independent (standard) Brownian motions. These are used to construct
W:ﬁW—i—pW and W:KH*W,
so that W is again a standard Brownian motion (p—co/rielated with W) whereas W is a fractional
Brownian motion, only dependent on W. Note that W = W in the uncorrelated case; note also
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W = W in the case of H = 1 /2, which falls under the classical StochVol setting. We will use identical
notation when dealing with Cameron-Martin paths h = (h, h), so that h = ph + ph, h = K % h.
Under rough volatility, the (rescaled) log-price process has the form

1

1
_ N~ 1 .
Xi:/ a(é‘W)?dW—fsE/ o? (5W)at .
0 2 0

A stochastic Taylor expansion, after a Girsanov shift (W, W) — (W + h, W + h), gives,

1
75,}1 - ] o~ _ E 2 ] ~
7" = /Oa(sVV—f—h) dEW + 1) 2/0 (5W + 1) ar
(5.3) = go+20(w) + 802 (w) + rsw) .

We can read off gy and g1(w) as zero and first order terms (in €) of the expansion

/010(3W+E)d[§W+E] - /Ola(ﬁ)dmg</Olg(ﬁ)dﬁ+/ola'(ﬁ)ﬁv\dﬁ)
(5.4) +&? (/Ola’(ﬁ)WdWJr;/O W2dh>

but the precise form of g2(w) - and thus the remainder r3(w) implicitly defined in (5.3) - requires

the following distinction:

Case of H = 1/2. In this case € = e,h = h and so

1 N 1 P 1
gQ(w):/ cr’(h)WdW—i—l/ a”(h)w2dh—1/ o?(h)dt
0 2 0 2 0

Remark that in this case the remainder r3(w) is the sum of the implicit (dots) remainder in (5.4)
and €2 times the difference

1 [t 1 [t
7/ o2 (5W+h)dt—f/ o®(h)dt = O (e[| W]l soy0.1]) »
2 0 2 0 Yy

valid on {w : [|[W(w)llocsjo,1) < 9}, for any finite J, which shows that this term contributes
C’ag||W||oo;[0}1] to the remainder, where C' can be taken as C''-norm of o2, restricted to a J-fattening
of the set {h(t) : 0 <¢ < 1}.

Case of H < 1/2. In this case the second order (in €) term is given by
~ e~ —~— 1 [ e~
g2(w) = /J’(h)WdW + 5/ o (h)W?dh
0
whereas the remainder r3(w) is the sum of the implicit (dots) remainder in (5.4) and
~ g1
= / o (6W + 1) dt = O(c2) = o) |
2 Jo
valid on {w : ]| W(w)lse;0,1) < 0}, as before.
Robust form. The noise W = W(w) can be lifted to a (random) model

= o f ) e

and the (log)price process under rough volatility can be written as its continuous image ®(W), see
[8]. (All this is reviewed in Appendix A.1.2 for the reader’s convenience.) The Cameron-Martin
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space acts naturally by translation. For any h € H, have homeomorphism 7} : M — M, with
inverse T_y,, which “lifts” the meaning of W — W 4 h, with an estimate (Lemma A.2), of the form

T WIS W+ (2]

This translation is moreover consistent with Cameron—Martin shift of Wiener paths in the sense
that

VheH: W(w+h) =T, W(w) as. .

One further defines dilation of models, similar to rough paths, by
5W = <5W752//I/I7dl/v,53/w2dw,....> eEM.

We then have

77" (W) = O (Th6=W (w)) ;

where we introduced, for an arbitrary M € M,

and then, for every ¢ > 0,

@°(M) = &(2, M) := 0°(M) — ? /02 (1\7) dt .

Observe that 9:®(0,-) = 0. We see in Theorem A.6 that
Y (Th5:W (w)) = 2(h) +EGY (W (w)) +E°GH(W (w)) + R§(W (w))

where G, GY are continuous linear and quadratic, respectively, in the obvious adaption of these
notions to the present setting of regularity structures and

|RS(W)| S &I 1wW|”
on bounded sets of £|||W]||. Mind that the corresponding expansion
D5 (13,0:W (w)) = @I (h) +2G1(W(w)) + E2G2(W (w)) + R3(W(w))

may be different, with
1
G =Gy and G = Gy — iagzg@(o,h)

and
|Rs(W)| < 0(2%) +2°|||[W|° .

(When H < 1/2 we have GJ = G and the o(6%)-term can be written more quantitatively as
22 x 0. In case H = 1/2, have GY # G, in turn the 0(2%)-term is O(%).)

A LDP for rescaled enhanced noise (in the space of models) is also given in [8] and thus induces
Forde-Zhang type larges deviations for ®¢(62W) with speed Ezs, without any growth assumptions on
the volatility function o(.). The energy function A is smooth near zero [9]; moreover A(z) = 1 ||h”||}
in terms of the unique non-degenerate minimizing control path h* = (hz,ﬁr).
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5.3. Assumptions (A3-5): robust model specification and control theory. Following the
two running examples above, we now present our general conditions. Recall that M is the space of
models, in the case of rough volatility (in the setting of Section 5.2), the construction is detailed in
the appendix, but our setup is much more general (and for instance, also, covers generic diffusion
StochVol).

(A3a) There exists a continous map @ : (¢, M) — ®(M), from [0,1] x M — C]0, 1], such that
we have the robust representation

X (w) = ®°(6=W (w)) a.s.
where 6zW is the z-dilation of the random model W = W (w) which enhances (multidimen-
sional) Brownian motion W = W(w), and on which H acts by translation T,,h € H. We

further assume that W is the (possibly renormalized) limit of canonically lifted Wong-Zakai
approximations.?

(A3b) A Schilder-type LDP holds in model topology for 6zW with (good) rate function given by
h — 1|hf|% when h = (h,...) is the canonical lift of h € H, and oo else.

Note that condition (A3), by application of the contraction principle, implies a LDP for (X ), and
thus condition (Ala), with good rate function

— nf LLIRI2 - — ol = inf L2
(5.5) A(e) = inf (303 - @1(0) =2} = inf 303
where K? C H denotes the space of z-admissible controls, i.e. elements h € H: ®(h) = 2 where we
abuse notation, in terms of the canonical lift h of h, by writing

®(h) = ®°(h).

We also assume a robust “stochastic” Taylor-like expansion, formulated deterministically in terms
of models M = (M, ...) € M with M € C* for suitable «; cf. Appendix. Care is necessary because
of the distinct ¢, scaling and

O°(6:M)) # B0 (5:M) .
Let B a Banach space (typically C[0, 1] or R). We call a map G : M — B continuous linear if there
exists a continuous linear map Gp : C* — B so that G(M) = G1(M). As a (trivial) consquence,
sup{G(M) : |||M]]| < 1} < oo and, for all ¢ > 0 and k € H,

G(Tx0-M) = G(k) + cG(M) .
Similarly, call a continuous map G : M — B continuous quadratic if sup{G(M) : [||[M]|| < 1} < o0
and
G(T5-M) = G(k) + cG(M, k) + eG(M)
for a continuous bilinear map Gs : C* x H — B so that Go(M, k) =: G(M, k).
(Ada) For every h € H there exists (G?’h,Gg’h,Rg’h’e) such that for every € > 0 and model
M = (M,...) € M we have

OY(T46=M) = Go + G (M) +2°G5" (M) + Ry™ (M)

2In the (Itd) rough path case, this says precisely that W = lim;, .o T_; /o W™, where T is a higher-order translation
operator on rough path space that subtracts 1/2x identity matrix from the second order noise. This is a simple
instance of the renormalization for the It6 rough volatility model [8], and also higher-order translations for branched
rough path [14].
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with GB = ®Y(h), continuous linear G(l)’h : M — R, continuous quadratic G?’h M —= R
and order three remainder Ry, meaning the validity of: whenever |||W||| < 4, then
|R35(W)| S 0o(2%) +*|||WII* ;
all of which is assumed to hold uniformly over bounded h. We also assume that (h, M) —
GY™(M) is continuous for i = 1,2.
(A4b) Similarly, assume existence of (G%, G%, Rg’s) such that
®5 (Thd=M) = Gb + 2GH(M) + 22G5(M) + Ry (M) .
with same remainder estimate and
G1(M) = GY(M) and G2(M) = GY(M) + K.
Remark 5.2. View (A4b) as consequence of C?T-regularity of ®5(M) = ®;(z,M) in &, with
9=®1(0,-) =0 and 30%®(0,h) =: K, .

Note that Assumption (A4a) is easily seen to imply C? (Fréchet) differentiability of ® on H, so
that it makes sense to consider D® and D?® at h®.

The next set of conditions is of control theoretic nature, with = > 0 fixed, and only concern ® =
0 as map from H to C[0,1]. Recall that K% C H denotes the space of elements h € H: ®;(h) = z.

(Aba) There exists a unique minimizer h* € K%, with

Aw) = 3|07

(A5b) @, : H — R has, at h®, a surjective differential
D&, (h®) € L(H - R) .
(A5c) The minimizer h* is non-degenerate, namely
q.DE®;(h*) < 1d
(in form sense), where ¢, € R is such that h” = D®,(h*)*¢".

The existence of the Lagrange multiplier ¢* is discussed in Lemma B.1. Note that assumption (A5)
is classical in the SDE context, cf. for instance [6, 43, 16]. We discuss further Assumption (A5c) in
Appendix B.2, in particular it can be seen as strict positivity of the Hessian of I(h) := 1||h||? when
restricted to K*. Also note that in fact assumptions (Aba)-(A5c) imply that A is C' at 2 and then

one simply has ¢, = A'(z), cf. Lemma B.5.

We now assume (A4) and (A5). Fix h = h” as supplied by (A5) and the corresponding rough
Taylor expansion (z,GY,G%, R3°) supplied by Assumption (A4b), using that ®(h*) = z. Let
W = W (w) be the It6 lift of Brownian motion. We define the (probabilistic) objects
(5.6) g (W) =GV (WW), g5(w):=Gy (W), r5°w) =Ry “(Ww).

Then the stochastic Taylor expansion for the h® Girsanov shift of X is given by
77 (w) =z +2gf (W) + g5 (w) + 75" (w) -

We saw in Section 5.1 and 5.2 that condition (A4a-b) holds in the classical StochVol (SDE) case,
as well as the RoughVol case.
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5.4. The call price formula. We can now state a key formula which generalizes the RoughVol
call price formula considered in [9] and which is at the heart of our analysis. It applies both for
classical StochVol situations (with H = 1/2) where A = Z has the geometric interpretation of
shortest square-distance to some arrival manifold determined by the strike, and to RoughVol with
the Forde-Zhang rate function A = J as given in (4.1).

Theorem 5.3. Assume (A1-A5) for fited x > 0. Let k. = xe/e. Let g7,¢5 and r5™ be the
stochastic Taylor coefficients / remainder defined in (5.6). Then

c(e2, k.) = exp (Ag(f)> )

with

(5.7) J(e,z)=FE {exp (—W) (exp (egf +2cgs + (e/E)r57") — 1)1

Moreover, writing o2 for the variance of g¥ one has the differential relation

(5.8) o2 = /2\{};9;)2 .

Remark 5.4. Assumption (A2) is not really needed here (one just needs exponential integrability
of X* to have finite call prices), and (A5b) is only needed for (5.8) (to ensure that A is C* at ).
Proof. By the very definition of call price function ¢ and X; ~ X{ with t = 2,
ct, k) = El(exp(X7) — exp(k)*].
Since X¢ := X ¢/z, consider k = k. and thus, with 1/v, = ¢/z,
c(e®, ke) = El(exp(X1/ve) — exp(k2))*].
Our assumptions imply that there is a LDP for X (w) = ¢5(gw) such that
—e?1og P > 2] = 303 = A)
for some unique minimizer of the control problem ¢?(h) = x. By Assumption (A4) we have the
stochastic Taylor expansion of the form
7 (w) = ¢5 (5w + 1) = z + EgF + 295 +15°
with the same notations as in (5.6). Apply Girsanov’s theorem, ZW — W + h? = g(W + h*/2),
and obtain

1or1ga 1 s _
(% k) = Ble# Jo MW= Wl (exp(Z] fr) — exp(2) .
We then use first order optimality of h” to see that (see Appendix B.1)

1
(5.9) / h*dW = A (z)g] (w)

0
and this establishes the call price formula. At last, using It isometry we can write, from (5.9),

1113 = Ih*]72 = (A'(2))*Var(gF)
and conclude with ||h”%]|%, = 2A(z). O

6. PRECISE ASYMPTOTIC PRICING

We now come to the main result of this paper.
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6.1. Precise large deviations.

Theorem 6.1. Assume (A1-A5) for fired x > 0. Let k. = xe/E. Then there exists a function
A= A(x) ~1 as x| 0, such that, with 02 = 2A(z)/AN (x)? as earlier,

)
z2 (A'(x))20,V/21

We here derive the (correct) formula with a formal computation that ignores the remainder term.
The real proof, found in Section 8, relies in particular on the “robustification”, cf. Assumption (A4),
to handle the remainder. This robustification holds in great generality, including the RoughVol
situation.

(6.1) c(e?, ko) ~ exp <— as e ] 0.

Proof. In view of the exact call price formula in Theorem 5.3, it suffices to analyse

(6.2) J(e,x) = E [exp <A(‘§)g“f) (exp (cg? + 22 g% + (e/2) 157) — 1) j .

We ignore the remainder. With high probability, (eg] + Zc¢%) is small when £, — 0, hence we
expect

A/ 4 + A/ T +
E {exp (—(?91> (exp(ggf +Eegs) — 1) ] ~eFE {exp (_(?gl> <gf +§g§) ] _
With z fixed, write g; = ¢g7. Recall (first order optimality)

N(z) g1 (w) = /0 h*dW

and we can then decompose go € Coy P &% ,
g2 = Do+ g1 A + Q%Ao

where A = (Ag, A1, Ay) is independent from g, and where Ag € Cp, Ay € C; and Ag € Cy & Cs.
This leaves us with the computation of

E [exp (-A(“:)gl> (91 LD+ 1A +g%A0))+} - E[E(....|A)] .

The inner (conditional) expectation is a simple Gaussian integral for which a finite-dimensional
Laplace analysis (cf. Lemma 3.1) gives
z2
E(..]JA) ~ ———exp (A (2)A as € — 0.
A8~ vz P 08)
The asymptotic behaviour of the full expectation is then indeed obtained, as one would hope, by
averaging over As = A%(w), so that

E [exp (—A/(f)gl> (91 +E(A2 + 9144 +9%A0))T ~ W

2

E[exp (A’(m)A%)} .

3C¢ denotes the i-th homogeneous Gaussian chaos
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Clearly, such a formula requires exp (A’(z)A%) € L'(P); in fact, the proof requires L'*(P) and
we see in Section 8.2 that this is precisely the case because h” is a non-degenerate minimizer, cf.
assumption (A5). Taking into account the factor ef< = e**/% from Theorem 5.3, see that

A(z)A3 if H<1/2
(6.3) Alz) = E[exp(A'(2)A3)], : <1/
e"Elexp(A (2)A3)], if H=1/2

|

Remark 6.2. Sanity check: Black-Scholes H = 1/2, with 0% = o, A(z) = 22/(202) . We then have

c(e?,x) ~e v e’ il A(x)
~ ex —
’ P\ " 2e252 x2y/271
which matches precisely the previously derived Black-Scholes expansion (3.1), with A(z) = e*(1+#/ o)

as predicated by (6.3) with Ay = pu. Remark that in the Black-Scholes case, assumptions (A1-A5)
are indeed satisfied for any x > 0.

6.2. Precise moderate deviations.

Theorem 6.3. Assume that Assumptions (A1)-(A5) hold for x = 0 with h°® = 0. Let k. = x.e/
with e — 0, z. /€ — oo0. Then

(6.4) C(k'a,€2) ~e—0 €XP (_ A(gis)

€2

)= 5

2\/271
Remark 6.4. Formally, this follows from our precise large deviations (6.1) by replacing x by z.,
and using x. — 0. The rigorous proof follows along similar lines as the proof of Theorem 6.1 and
is postponed to Section 8.

Remark 6.5. Let € = ¢ and consider 8 € (2H/3, H). Then x. = z<2” falls in the regime of the
above theorem and moreover,

.’172

A . 4H ~
(x )/5 20(2)54H745

ase — 0

and in fact the expansion in (6.4) is nothing else than the Black-Scholes expansion run in the
moderate scale, with speed function e*# ~4# instead of the large deviation speed £2. More generally,
one can obtain for arbitrary 8 € (0, H) the expansion

M
AR (0 ok
Az.) /e = Z k'( )m +o(l) ase—0
k=2 )

where M is such that (M +1)8 > 2H, if we know that A is C™ at 0. (Note that under assumption
(A5), CM regularity of A at x simply requires CM*! regularity of ® on H, cf Lemma B.5.)

7. THE CASE OF RoucHVOL
Recall the RoughVol model as introduced in Example 4.3
1 1
P _— 1 P
X5 :/ o (EW) ed (pW + pW) — 552/ o? (EW) dt
0 0

with smooth volatility function o(.), and Forde-Zhang energy function J as given in (4.1). Write
oo = (0) for spot-vol and also set o, = ¢’ (0).
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Our main result, applied to this model, yields the following result.

Corollary 7.1 (RoughVol). Let H € (0,1/2] and k. = ze' =21 > 0. Assume that assumption (A2)
is satisfied. Then, for x small enough, J = J(x) is continuously differentiable and
J (fﬂ)) 1 A(x)
7.1 c(e? ko) ~exp [ — o ——t S ) )
i (el e ( et T @povam

for some function A(z) with A(z) — 1 as x — 0.

Remark 7.2. Tt is known that Assumption (A2) holds when o has linear growth, cf. [22]. In the
case H = 1/2, (A2) holds under much weaker assumptions, e.g. for o of exponential growth and
correlation p < 0 [49, 42, 45]. We expect similar results to hold in the rough regime but they are
not known at the moment.

Proof. Tt suffices to check that all the assumptions of the theorem are satisfied for x small enough.
As mentioned in Section 4, Assumption (A1) follows from [22, 8]. Assumptions (A3) and (A4) (i.e.
the regularity structure framework) essentially follow from the analysis in [8], details are given in
Appendix A.

Finally we discuss Assumption (A5). Note that if these assumptions hold at = > 0 they actually
hold in a neighborhood of z (using the fact that ®; has continuous second derivatives). In particular
it is enough to check that they hold at # = 0. (Aba) is obvious with h° = 0. By direct computation
one has ~

D@l(O)[k] = 0'0]61
so that oo # 0 implies that (A5b) holds. Finally, since ¢° = 0, (A5c) is obvious since it reduces to
the trivial inequality 0 < Id. ]

8. PROOF OF MAIN RESULT
We complete the proof of Theorem 6.1.

8.1. Localization of J. We first introduce a localized version of J as given in (6.2). That is, we
set

(81) Jﬁ(g’gj) = E5 |:exp (_A/(:L')‘gx> (e(g/ys)9%"‘(52/Vs)lt‘f'(Ez/VE)Ra'w _ 1)+

g
where the expectation is with respect to the sub-probability
Ps(A) = P(AN{E][[W][| < 6}) .
Proposition 8.1. Fiz § > 0. Then there exists c = c5 5 > 0 such that
|[Js(,2) — (e, )] = O(exp(—c/2?)).
Hence any “algebraic expansion” of J (i.e. in powers of €) is unaffected by switiching to Js.

Proof. We revert to the respective expression of J and Js before the Girsanov shift. To this end,
introduce

B:={MecM:|||T_-n-M||| > ¢},
noting that B¢ is a neighbourhood (in model topology) of the canonical lift of h*. This allows to
write, using (6.2), (8.1) and the Girsanov transform in Theorem 5.3, we have

(8.2) J(e,x) — Js(e,x) = exp <A€(§)> e P B(exp(X§) — exp(k.))T15] > 0
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where h” is (by assumption) the unigue minimizer. We only need to upper bound this expression,
since it is always positive. Let us write

E[(exp(X7) — exp(ke))T15] = El(exp(X /ve) — exp(z/ve)) 18]

We localize the call payoff ¢)(z) := (e — 1)* to an ATM neighbourhood. For fixed b > x we split
the expectation over the two sets {X; > b} and {X; < b}. We have

E[(exp(X /ve) — expl(a/ve)) " 15)
< B(exp(X1/ve) — exp(b/ve)) ™ + El(exp(b/ve) — exp(a/ve)) T lge )
+ El(exp(X7 /ve) — exp(a/ve)) 1x: o, 1]

Because of the call price (upper) large deviation estimate in Proposition 4.9

(8.3) E[(exp(X7 /ve) — exp(b/ve))T] < exp(—(A(b) + (1)) /€%)

and since b > x it is clear that A(b) > A(z). The same is true for

(exp(b) — exp(x))*

7€
(8.4) El(exp(b/ve) — exp(z/ve)) T lxz.,] < o P(X, >b).
It remains to deal with the localized term, using v. > 1 for ¢ < 1,
(8.5) El(exp(X/ve) — exp(a/ve)) g 18] < e PX, € [2,0)} N B] .

An upper bound on this is given by e’ times
PI(X; = 2} 1 B] = PIO5(EW) = a ||[T_e 5= W]|| = 0]
Introduce the set
AT = (M2 BY(M) > a5 || T M| > 6}
By assumption (A3) we find that
PB5(EW) > ;||| T 6z W] > 8] < ¢~ (el b0/
where (as before, h denotes the canonical lift of h € H to a model)

h®? € argmin ﬁnlf{{%HhH%p che A5}
€

(The infimum over a closed set of a good rate function is attained, although there may be many
minimizers.) Since h* is clearly z-admissible, we have ||h®°||; > ||h®||gz. But this inequality must
be strict, for otherwise the assumed uniqueness of the minimizer implies

hx,d —h®

which is not possible since h*? € A®% C B, ie. outside a neighbourhood of h®. Set 27 :=
[|h®?||2 — ||h®||%. The proof is then finished by setting ¢ = min{(A(b) — A(x))/2,71/2} > 0. O
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8.2. Local analysis. With h* € H fixed, assumption (A4) provides us with (G, G%, R3*°) so that,
restricted to H,
GY = D®,(h*), G% = D?*®,(h") (as quadratic form) .
On the other hand, with K» as in Assumption (A4b),
95 (W) = GI(W(w)), g5(w) = G5(W(w)) = Gy (W(w)) + K>

Clearly g7 is a zero mean Gaussian, N (0,02), say. We then proceed as in [6] and introduce the zero
mean Gaussian process V = V*

Vi(w) = Wi(w) — g7 (w)ve

where v is chosen so that V is independent from ¢g7. We now describe such a v explicitely, which
also requires identifying g7 as a certain Wiener integral.

Lemma 8.2. (i) Identifying D®1(h®) with an element of H, one has the equality of random variables

(8.6) 91 (w) = (D®1(h"), W)
where the r.h.s. is a Wiener integral.
(i) Let
D®4 (h*)
8.7 v=——""— V(w)=W(w)—vgi(w

Then V is independent from gf.

Proof. (i) By definition, for all k in H one has (D®(h"),k); = G7 (k). Hence we have by assumption
(A3) and (A4)

GE(W) = lim GF(7W")

= lim G{(W")
n—0
= lim (D®,(h*), W)
n—0
= (D%, (h"),W).
(ii) Tt suffices to show that for all k € H, E[(V,k) ¢7] = 0, which is an easy consequence of Itd
isometry and the definition of v. |

Note that V is not adapted to the filtration generated by W so that a random model which lifts
V cannot be constructed by elementary Ito-integration. Instead, we give a pathwise construction,

by applying
V=T gzowpW,

with W = W (w). (The resulting random V(w) is then a “Gaussian model”, cf. [36].)

Lemma 8.3. (i) The Gaussian model V. = V(w) is measurably determined from V and hence
independent from g7 (w).
(ii) There exists a A" = (A%, AT, AZ) P-independent from g7 (w), such that (omit superscript )

92 = Do+ g1A1 + 67 Ao
(iii) The rescaled family 6.V satisfies a LDP in model topology, with good rate function given by
v 1||b||f whenever v is the canonical lift of h € Hy, and 400 else.
(i) exp([[V]|[2) € LOF.
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Proof. (i) Let W", V" denote convolution with a mollifier function, with rescale parameter n > 0. Of
course, V" — V uniformly with uniform Hélder bounds. Using the same notation for mollification
of W and v, have

VT =W — g7 (w)v" .
Call W" the canonical model lift of W7. By assumption (A3) there exists a renormalized ap-
proximation W’ = R"W" which converges as 17 — 0, in probability and model topology, to the
Ito-model W. Since translation commutes with renormalisation

SR"T,Gf(W)VnW" = T,GT(W)W,W” — T,Gf(w)W =V as n—0 .

It now suffices to note that 7_g=(w)y»(W") is precisely the canonical model lift of, and hence
measurably determined by, V7 = W — g (w)v" = W7 — GT(W)v".
(i) Straightforward from the definition ¢%(w) = G2(W(w)) = G3(W(w)) + K. By assumption
(A4), the map GY is continuous quadratic; applied with W = 5V this gives the claimed
decomposition of go, with
Ag(w) = Ga(V(w)) + Ko, A1(w) = G2(V(w),v) and Ag = Ga(v) .

(iii) Recall that G1(W) = (D®1(h*), W) , so that for h in H, by the definition (8.7) of v,
_ (D®1(h7),h)

[D®1(h*)[|?
Recalling the LDP satisfied by W, by the contraction principle this implies that .V = T gris.wywW
satisfies a LDP with rate function given by

g1(w

h—Gi(h)v=h h" = Py, h.

1
1(11) = inf {|hI]%, h € Ho,TT = h}.

(iv) W is a Gaussian model and we have a Fernique estimate for its homogenous norm |||W]||,
cf. Appendix A.3. Since |||V||| < [[IW]|] + [[v¥]l|g1]| where g1 is a Gaussian, the claim follows. O

We finally show that the non-degeneracy assumption (A5c) is actually equivalent to an exponen-
tial integrability property for the Wiener functional A% (defined in Lemma 8.3 (ii) above)

Proposition 8.4. Let A = D?®(h%), then
N(2)A™ <1d (as form on Hy) < exp (A (x) Ag) € L'
Proof. Note that exp (A’ (x) Ay) € L'T if and only if
() : there exists C' > A’ (z) such that, for all r large enough P (A3 > r) < exp(—Cr).

Recall that

Ay = Ga(V) — Ko,
where by assumption G is quadratic, so that e2G5(V) = G2(6.V) where G» is a continuous
function. By Lemma 8.3 (iii), we know that §.V satisfies a LDP, so that by the contraction
principle one has

* 1
P (Az > 5_2) ~ P (52G2(V) > 1) = exp (—C—;O()>
where
* . 1 2 1 2 T 1 * (12
C* = inf <5 Ihl": 5O]e=0® (eh + %) = 1 ¢ = S|
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(the existence of h* € Hp\{0} comes from a compactness argument). Hence () above is reduced
(r =1/%....) to the question C* > A’ (x).
Note also

1
FA” (0", h7) = 02|c—o®1 (eh* +h") > 1
and in fact equals one. But then
1 1
O = M) = 5 02 = SA () A7 (", 1)

so that the non-degeneracy condition clearly implies that C* > A’(z). On the other hand, if the
non-degeneracy condition fails there exists h with 1 = 2A® (h,h) > ﬁ@)”hw which implies that
C <N (2).

|

Proposition 8.5. Fiz x > 0. Then one has as e — 0

J(g,x) ~ c&* Elexp (A (z) AS)].

1
V2
Proof. In this proof we denote by C' positive constants, whose value may change from line to line.

By Proposition 8.1 we can work with the sub-probability Ps = P(...;g|||[W]|] < ¢), i.e. on
the part of the probability space where the model remainder estimates are available. We want to
estimate

A/ x T = T —\..E,T
Jé({;"gj) = FEs |:eXp <_(:)g%> (6591 +eggs +(e/E)ry" _ 1)+

Recall e = /v.. Recall also 5" (w) = Ry" (W (w)). For this “robustified” remainder Assumption
(5b) applies so that [R5 ©(W)| < 0o(2%)+2%|||W]||* whenever £|||W]||| < 4. Thus, for € small enough
(depending on ¢), and for a suitable positive constant C,

[Ry=(W)| < Co2° +2°(||W]||* < 62°(C + [[[W][|?) -

Since we also have £g1 (w) = 2G1 (W (w)) = O(8) and 22g5(w) = 22G2(W(w)) = O(6?) when working
with Ps, we see that for some constant C' > 0 one has

hles) € et Co)Es exp (-2 ) (g7 4 e 0+ IWIR)F

Recall by Lemma 8.3 one has
g2 = Do + 911 + g7 Ao
where the A; are independent from g1, and we let
Ao = Ao + CO|v|%,
AT = 8p £ 5(C+[||VIID,
where A is also P-independent from g;. Note also that

[EAL| = |G2 (0zV,v) < CE|||V]|| < Co
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when Z|||[W|| < §. Thus, the asymptotic behaviour of Js(e, z) is sandwiched by e(1 &+ C9) times
N(z ~ ~4\T
€ FEs {exp <_(5)m> <g1 —|—E(A§t + g1 A £+ ng(?) }

e s o (-2 (o + 285 £ 01+ i) |
We now prove the upper bound for the asymptotics. Clearly,
E;s [exp (—A/(?m> (91 +eEAT +C0+ Eo)6|gl|)+} <E[-]
where --- means the same argument. Set
v5 = C(1+ Ag)d

and assume that § is small enough that v5; < 1. By Lemma 3.2, we have that

=2 N @) (ag+s(C+11VIINZ)) A @) (ag+s(CH1IVIIZ))

E[ ‘A%V] < £ oy max [(1—;s)e =75 + 275, (L 4+ vs)e 175
V2T

By Proposition 8.4 and Assumption (A5c), exp (A’ (z) As) € L** and by Lemma 8.3 (iv) exp(|||V]||?) €

L%, so that by letting successively Z and § go to 0 we obtain that

lirsnjélpE_ZE[ ] < \/%E lexp (A (z) Ag)].

The lower bound is proved in the same way using the lower bound in Lemma 3.2.
O

8.3. Proof of Theorem 6.3. The proof is similar to that of Theorem 6.1 (but simpler since we
only need to expand to first order), and we keep the same notations. By Lemma B.5, for z small
enough the minimizer A* is unique and is C? as a function of z, in particular A is C! at 0. Note
also that equation (8.7) and the fact that g7 = (D®(h*), W) imply that

o ||v¥] = 1.
The proof proceeds as in the large deviation case, and after the same Girsanov transform, we

are left with
E l:eXp <_A/(I6)stN1) (esazleJrEER; _ 1)+:|

B
where N7 ~ N(0,1). Note that on |[eW]] <1 we have (uniformly in x near 0)
(8.8) Ry < C(L+ W) < C(L+ [ VZ|? + oy N[ v*]])
and in addition by the LDP for W the term

C
El...1gew|>1] < exp (gz>

is negligible compared to what we want. We are therefore left with

I
E [exp (—W) (exp (e0u N1 £ 2C (1 + [[VT|* + o, | N1| V7)) — 1)+
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which by using Lemma 3.2 as in the LDP case is equivalent to
~2
€ 2
e E [exp (£CN (@) (1+ V7))
Finally we use that
VIS WL VIt | < TWI =+ [Vq
has Gaussian tails, uniformly in z, so that since A’(0") = 0 we obtain
. |2
lim B [exp (+CA () (1+ [ V* )] = 1,

which concludes the proof.

APPENDIX A. ELEMENTS OF REGULARITY STRUCTURES

A.1. The rough vol model. We review the essentials of [8].

A.1.1. Basic pricing setup. Recall Wt = fg K (s,t)dW,, with K (s,t) = v2H|t — s|7~Y/2 H €
(0,1/2]. Given a (sufficiently) smooth scalar function f, we are interested in robust integration of

J f(W)dW. The Holder exponent of W is H — k, any x > 0. Let M be the smallest integer such
that (M + 1)H — 1/2 > 0 and then pick x small enough such that

(A.1) (M+1)(H—k)—1/2—k>0.

(In case H = 1/2, have M = 1 and then 1/2 — x € (1/3,1/2) which is the rough path case.) The
model space is defined as

(A.2) T ={E.21(2),....EZ2E)M, 1, 7(2),.... 2(5)M}) ,

where (...) denotes the vector space generated by the (purely abstract) symbolsin {...} =: S. The
symbol Z(...) represents “integration against the kernel K%  so that Z(Z) represents fractional

Brownian motion W. Symbols like EIE)"=E-Z(5)-...- Z(E) or Z(E)™ =Z(Z) - ...-Z(E) should
be read as products between the objects above. Every symbol 7 € S has a homogeneity, defined as
EZ(E)"| =—-1/2—k+m(H — k), m>0

IZE)™ =m(H — k), m>0

1] =0.
Introduce the set of homogeneities A := {|7||7 € S}, with minimum |Z| = —1/2 — k. Note that
the homogeneities are multiplicative in the sense that, |7 - 7/| = || + |7/| for 7,7’ € S.

At last, we have the structure group G, an (abstract) group of linear operators on the model
space 7 which should satisfy I'r —7 € @, 4. 1| <|7| R andT1=1for 7€ Sand T € G. We will
choose G = {T', | h € (R,+)} given by

and Tp (7" - 7) =Ty’ - Tp7 for 7/, 7 € S for which 7- 7/ € S is defined.
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The It6 model (II,T). To give a meaning to the product terms ZZ(Z)*¥ we follow the idea from
rough paths and define “iterated integrals” for s,t € R, s <t as

(A.3) W™(s,t) = / (W(r) — W(s))™ dW(r) .

We are now in the position to define a model (II,T") that gives a rigorous meaning to the inter-
pretation we gave above for 2, Z(E),ZZ(Z),.... Recall that in the theory of regularity structures a
model is a collection of linear maps Il : T — C(R)’, T's; € G such that

(A4) IT; = Hsrsty

(A.5) M7 ()] S AT

(A.6) Pyr=7+ Z crr (8, 0)7 |er (s, 8)] S |s — t||T\—\T’|
T'eS: T |<T

where the bounds hold uniformly for 7 € S, any s, in a compact set and for ) := A" (A" !(-—s))
with X € (0,1] and ¢ € C! with compact support in the ball B(0,1). We define the following “It6”
model (I1,T") = (IT'°, T'1t0),

M,1=1 r.l=1

[,=2=w I'is2=E2

MIE)" = (W) - W(s)  TWI(E) =T(E) + (W(t) - W(s)1

IEZZ(E)™ = {t — %Wm(s, )} Tirrm’ =T - Ty’ for 7,7/ € S with 77/ € S
We extend both maps from S to 7 by imposing linearity.
Lemma A.1. [8] The pair (I1'*° T19) defines (a.s.) a model on (T, A).

A.1.2. Full regularity structure for rough volatility. Rough volatility is specified in terms of two in-
dependent Brownians (W, W). Writing = for the abstract symbol that corresponds to (the Schwartz
derivative) of W this leads to

(A7) T =T+ {EELE),....EZ(5)"}).

Again we fix |Z| = —1/2 — k and the homogeneity of the other symbols are defined multiplicatively
as before. We extend the Ité6 model (II,T') to this regularity structure by defining

,E7(2)"™ = {t . ( / t (W(w) - W(s>)de<u>)}

(the above integral being in Ité sense), and *
Iy (EZ(E)™) = Els (Z(E)™).

Hairer’s reconstruction theorem ( [36], [24, Sec. 13]) then yields a robust view on Ité-integration
and, in particular identifies objects such as [ o( )dW and asset price give as stochastic exponential
of [of dW with W = pW + pW as continuous function ® of the It6 model.

4Upon setting I'¢s (i) = E, the given relation is precisely implied by multiplicativity of T.
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A.1.3. Rough path like formalism. We note that the Itd6 model (II'**, T'1*®) constructed above is in
one-one corresponds with objects of the form

W (w) = (W,W,//WdW,/W\dW,//WQdW....,/W\MdW) ,
with model norm of (IT'**, T'*®) comparable with

A8 W = Wl jaen + Wl o + ... H/WMdWH ,
(A8) W= 19 s+ [T 2+ i

generalizing the a-Holder norm (with o = 1/2 — k) of the Brownian noise W = (W, W). Here, for
instance, and working on [0, 7], the final summand is spelled out as

LW M,
|t — s|M(H—r)+1/2—r

sup
0<s<t<T

The model metric is given by ||[W; V|| := ||[W — V. The reconstruction theorem [36, 8] shows that
Itd integration (and much more ...) is locally Lipschitz in this metric. More precisely, for sufficiently
smooth f,

( / FV)AW ) () = / FW(w)dW (w) as.

where the left-hand side is a classical It6 integral, and the right-hand side defined (thanks to
reconstruction) in a robust pathwise fashion, as locally Lipschitz function of W = W (w) .

A.2. Model translation. We need a generalization of the translation map known from rough
paths (e.g. [24], see also [15] for the case of a genuine model in a singular SPDE situation) to the
rough volatility regularity structure [8].

We have to be careful in “lifting” the meaning of “W + h” to a rough path or model. Given a
two-dimensional Brownian motion W(w) = (W, W), with W = KH « W, first recall the associated
(random) model of the form (cf. [8] for details)

W (w) = (W,W,W,/WdW,/WdW,/WdW,....) .
One naturally defines, with h = (h, h),
Th(W) = (W+h,W+h,W+ﬁ,/(W+ﬁ)d(W+h), ) .
We warn the reader that the “translate” T, (W) is different from
W-—h= (W—h,W—E,W—E,/WdW—/ﬁdﬁ,...) :

which one uses to define the model distance |||W;h]|| := |||W —h||| where h is the canonical model
associated to h € H.
The following lemma can be seen as variation of rough path results found in [24, Sec 11.1].

Lemma A.2. (i) For fited h = (h,h) € H and (deterministic’) model W = (W, W,deVV, )
with homogeneities {1/2 — k,1/2 — k, H — k, (H + 1/2) — 2k, ...}, the translated model T,(W) is

5Consider here f WdW as an analytic object, supplied a priori, and not as stochastic integral. In a rough path
setting like [24], one would denote this by W.
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of the same type and Ty, is a continuous map (with respect to model distance), with (continuous)
inverse given by T_y,.
(i) For all such h and W,

(A.9) T WIS TIWIIT+ DAl

with a multiplicative constant that only depends on H and k).
(i11) For fixred h € H and all W,

NT-n(W)I[| <6 iff [[[W3h]] <0
where the multiplicative constant also depends on h.

Proof. (i) Recallh € H' ¢ C'/2, so that W —h, W —h are again (1/2—r)-Holder. More interestingly,
t
W—h={t—W, - / KH(t,5)heds}
0

is again CP~* using that K convolution not only maps C~1/2=% — CH~=* (which explains
W € CH=*), but also L? = W2 — W1/2+H2 c CH g0 that h € CF.
We now move to higher level objects, such as f WkdAW , with translate given by
k
W o Pk k Wipk—i Wipk—i
(W +h)Fd(W +h) =) ; WIRF=Iaw + [ WIhk~Idh.
j=0
We need to check a certain Holder type regularity on the arising integrals. Let us explain for
example how to prove

/t’ﬁk /Wl dW.. < |t_8‘(k+l)H+l/2—(k+l+l)m

for positive integers k and [ and small fixed .
We first prove that

IH+L (141
p—var,|[s,t]

(A.10) |

/ W, dW,

for p > (1/2 — k)7L
Indeed, for a given partition {¢;} of [s,t], one has

P
S

tit1 tiv1 P

Wy, AW,

p

—

p
Wi, dw, + W -

tit1
/ dw,
t.

i

ts t;

< |ti+1 _ ti‘p(lH+%—(l+l)n) + |t _ S|p(zH—m) |ti+1 B ti|p(%—l§)

and summing over ¢ we obtain (A.10). We then use the fact that, by the Besov variation embedding
of [26], there exists ¢ with ¢ + p > 1 such that

Hthfvar;[S,t] 5 |t - S‘H_RHhHHl([O,T])

so that by Young’s inequality it holds that

t
/ he W dw,

S

-~ k+1 1_(k
< ||h§,-||q7var;[s,t] <t - S‘( TOH+5—(k+1)r

/ W, dW,
S

Continuity on model distance of the translation operator is an easy consequence of the above
analysis.

p—var,|[s,t]
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(ii) is straightforward by keeping track of which powers of ||h| and |||W]|| appear in the compu-
tation, for instance in the case studied above one has

—1
kFI+1

[ Rk W aw,

It — s‘(k+l)H+%—(k+1)n

k

— L

SRl IIWITFFT S [hfla + (W

(iii) This follows from straightforward computations using Young’s inequality as in the proof of
Lemma A.2. For instance, considering the first nonlinear term, one has

/(Wfﬁ)d(th)f (/WdW/Edh) :Q/Edhf/ﬁdwf/Wdh
Slh=Wllgra-v + b= Wllgn--

by Young’s inequality and the variation properties of h, h.
O

Lemma A.3 (Robust Cameron-Martin shift). In the context of the random model W (w) above,
built on two-dimensional Brownian motion: for all h € H, with probability one, W(w + h) =
ThW(w).

Proof. This is similar to Theorem [24, Thm 11.5] in the rough path setting or [15] in the setting of
the gPAM model. O

A.3. Homogenous model norms and Fernique estimates. As above, we regard models as
objects of the form

W(w) = (W,W,W,/WdW,/WdW,/WQdW,....) )

We cannot expect that ||W(w)||, with model norm as introduced in (A.8), has Gaussian concentra-
tion. Hence introduce the homogenous model norm

bd gy 1/3
W= IW e 0 o | T2 g+ e

for which one can show Gaussian concentration (a.k.a. Fernique estimates).
Theorem A.4. We have exp(|||[W|||?) € L°F(P).

Proof. This follows from the generalized Fernique theorem [25], noting that T}, provides a robust
Cameron—Martin shift with (deterministic) estimate |||T, W||| < [||W][| + [|A]lu- O

A.4. Renormalized Wong-Zakai type result. Let W" be the mollification of W obtained by
convolutions with a mollifier function at scale n > 0 and similar for W. There is a canonical lift to
a model W, which does not converge when H < 1/2 (cf. [8]) and converges to the Stratonovich
Brownian rough path when H = 1/2. Increments W, take values in certain (truncated) Hopf

algebra, which - as vector space - we can identify with RM (),

Theorem A.5. There exists a family of linear maps on M" : RMUH) — RM(H) g5 that \/7\\/', with
pointwise definition

Wg,t = M"WZ,t
converges (in probability and model topogy) to the Ité model W. Moreover the action of M" com-
mutes with the translation operator from Section A.2.



PRECISE ASYMPTOTICS: ROBUST STOCHASTIC VOLATILITY MODELS 29

Proof. This is a (non-quantitative) formulation of [8, Thm 3.14]. The commutation relation is
easy to check by hand and fully consistent with [14], which identifies (in a general branched rough
path context) renormalization with higher order translation, with resulting abelian renormalization
group. |

A.5. “Stochastic” Taylor remainder estimates via model norms. We need a variation of
the rough path results [1, 39, 40, 38] in the setting of regularity structures for rough volatility,
as recalled in Appendix A . Recall from [8] that there is a well-defined dilation §. acting on the

relevant models. Formally, it is obtained by replacing reach occurance of VV,W,W with € times
that quantity. As a consequence, dilation works well with homogenous model norms,

16 WI| = el[IWI]] -
The following theorem is purely deterministic.

Theorem A.6 (Stochastic Taylor-like expansion). Let f be a (sufficiently) smooth function. Fix
he€ H' ande > 0. If W is a model (as in the previous section), then so is Ty, (6.:-W). The pathwise
“rough/model” integral

v = [ (4 ) AT 5. W),
is well-defined, continuously diﬁer@ntia(éle in € and we have the remainder estimate
[T (e) = W(0) — e¥'(0) — (1/2)*T"(0)| = OE’|[| W) ,
valid on bounded sets of e|||W]]|.
Proof. (Sketch) Differentiating formally with respect to ¢ yields

1
\I//(E‘:) = / f(EWt + ht)th + f/(€Wt + ht)Wtd(Th(sgwt)
0
and )
U'(e) = / 2]0/(5Wt + ﬁt)Wtdwt + f//(5Wt + ’Alt)wtzd(Th(SsWt)
0

and similarly for ¥ which we do not spell out. All integrals here are defined by Hairer’s recon-
struction, i.e. as limit of suitable Riemann-sum approximations involving the ”elementary” objects
in the model e.g. [ W’“dW; one also needs to use the regularity of h as in the proof of Lemma A.2.
One then just needs to check that ¥"(g) = O([||W]||?), uniformly over € € [0, 1], and here one uses
precisely the assumption that ¢|||W||| remains bounded.

|

Remark A.7. Theorem A.6 is really a special case of forthcoming work with Y. Boutaib [13] where
we discuss a general form of this result, applicable to the reconstruction of modelled distributions
and thus wide classes of singular stochastic partial differential equations.

APPENDIX B. LOCAL ANALYSIS AROUND THE MINIMIZER

Recall that we are interested in @ : (¢, M) — ®<(M), from (0, 1] x M — C[0, 1]. Here we restrict
to e =0 and H C M, where elements h € H are identified with their canonical lift h € M. Hence,
by abuse of notation, we regard

®(h) := ®°(h)
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as map ® : H — CJ0,1]. Then K* C H is the space of z-admissible controls, i.e. elements
h € H': ®;(h) = 2. Whenever K* is non-empty the energy

1
. 1 12 ol e 2
A = {3 [ hRars @i =} = iur Sinl
is finite.

B.1. First order optimality. In this section we make the standing assumption that h — ®;(h)
is (Fréchet) C!, and consider a minimizing z-admissible control h® such that

D®,(h") € L(H - R)

is surjective. This entails (cf. [12, p.25]) that K* to be a Hilbert manifold near h® with tangent
space

(B.1) RerD®y (h*) = Ty K* = {h € H: (D®; (h*),h) = 0} =: H, .

Lemma B.1 (First order optimality, Lagrange multiplier). For each such optimal control h® there
exists a unique ¢* = q(h®) € R (think: tangent space at x € R) such that

where we recall that D®1(h*) : H — R so that its adjoint maps R — H where we identify R* H*
with R, H respectively.

Proof. The map D®; (h®s)" : R — Ho" is one-one. On the other hand, because h” is a minimizer,
the differential of I at h® must be zero on Hy, i.e.

(h®,k) =0 for all k € Hy
so that h* € Ho™. We conclude that there exists a (unique) value ¢* € Rs.t. D®; (h*)" ¢* =h. O
Whenever the energy A is C! near x, we can see that ¢* = A/(z).

Lemma B.2 (First order optimality and energy). Assume A is C! near x.
(i) any optimal control h* € K* is a critical point of

1
b —A () + 5 bl
so that for allh € H,
(B.2) (b7, by = A (2) (D@, (%), b) .
(i) with g1(w) = G1(W) = 0z|c=0P1(h* + eW), we have
1
(B.3) / hdW = A’ (z) g1 .
0
Proof. Write ®" = ®(h). For fixed h € H, define
« 1
u(t) == —A (cblf +th) + 5 b7 + th > 0

with equality at ¢t = 0 (since 2 = @} and A (z) = % ||h’cHI2{) and non-negativity for all ¢ because
h?* + th is an admissible control for reaching & = ®" +* (so that A (Z) = inf {...} < 1|+ thf7.)
By assumption, A is C! in a neighbourhood of z and since ® is also (Fréchet) C! it follows that
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u = u(t) is C! near t = 0. Since u(0) = 0 and u > 0 we must have % (0) = 0. In other words, h® is
a critical point for
H>hw —A Q) + % [hlf?, -
The functional derivative of this map at h® must hence be zero. In particular, for all h € H,
0 = —N (@‘;m) (D®; (h%),h) + (h®,h)
= —A (z)(D®; (h*),h) + (h®, h).

Point (ii) is then a consequence of (i) and Lemma 8.2.
O

Remark B.3 (Tangent space of admissible controls at h*). Combination of (B.1) with (B.2) shows
that
T K* =: {h*}+ = Hy

B.2. Non-degeneracy. To this, recall that h* was (by assumption) an energy minimizer which led
to the first order optimality condition (B.2). As in calculus, being a minimizer tells us something
about the sign of the second derivative. Namely, if we let

1
I:heHy— §||h\|12{

and recalling that K* admits a (Hilbert) manifold structure one can define the second derivative
I"(h*) (as a quadratic form on H'). More precisely : let k € H', then there exists a family x° such

that £” =h* and k= 4= . and we let

T : 1 €112 |2
1)k, =l (I — 071%)
Note that by the second order optimality condition I”(h*) > 0.
We then let A = A* be the bilinear operator on H given by
Alk,1] = D2, (b7) Bk, BT

where P;L is the projection on Hy = {h*}t. In other words, like in differential geometry, the
Hessian A = A% is a quadratic form on the tangent-space T}, K* = Hy.
We then have a more explicit description for I”(h*) in terms of A.

2

I"(0%) [k, k] = |[E]|* — qA[k, K]
where q is given by Lemma B.1 (if A is C! at x then ¢ = N'(x)).
Proof. Fix k € H and k° € K* with

Lemma B.4. Let k € Hy = Ty, K7, then letting A(h) = l||hH|2KI, one has

kS =h"+ek+r°
with ||7¢]| = o(e). Then the constraint ®(k°) = = implies by Taylor expansion at order 2 that
1
D®(h*)[r¢] + E2§D2<I>1(h$)[k, k] = o(e?)

and by Lemma B.1
e72 (b7, 7°) = —%D2<I>1(hf”)[k, K] + o(1).
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Hence we have that
I" () [k, k] = lim e=2 (flek + r°[|* + 2 (0", ek + 7)) = [[k][* — ¢D*®1 (") [k, k].
E—>
O

Recall that in this paper we further make a non-degeneracy assumption on I”/(h*) as part of
Assumption (A5).

Under this assumption, one actually has that the minimizer h (and therefore A) is C! in a
neighborhood of z :

Lemma B.5. Assume that h® is the unique minimizer in IC*, that ®1 is C*T-Fréchet differentiable
in a neighborhood of h*, and that h* is nondegenerate in the sense that I"(h*) > 0. Then there
exists a neighborhood V of x and a C* map h : V — H such that for ally € V

ﬁ(y) =hY = argmin{||h|?, ®;(h)=y}.
In particular, A is C* on V.

Proof. This is an application of the inverse function theorem, cf. [43, Proposition 5.1]. (]

REFERENCES

[1] Shigeki Aida. Semi-classical limit of the bottom of spectrum of a schrodinger operator on a path space over a
compact riemannian manifold. Journal of Functional Analysis, 251(1):59-121, 2007.

[2] Elisa Alos, Jorge A Ledn, and Josep Vives. On the short-time behavior of the implied volatility for jump-diffusion
models with stochastic volatility. Finance and Stochastics, 11(4):571-589, 2007.

[3] Gérard Ben Arous. Methods de laplace et de la phase stationnaire sur 'espace de wiener. Stochastics, 25(3):125—
153, 1988.

[4] Gérard Ben Arous and Peter Laurence. Second order expansion for implied volatility in two factor local stochastic

volatility models and applications to the dynamic A-sabr model. In Large Deviations and Asymptotic Methods

in Finance, pages 89-136. Springer, 2015.

Robert Azencott. Formule de Taylor stochastique et développement asymptotique d’intégrales de Feynman. In

Seminar on Probability, XVI, Supplement, volume 921 of Lecture Notes in Math., pages 237-285. Springer,

Berlin-New York, 1982.

Robert Azencott. Petites perturbations aléatoires des systemes dynamiques: développements asymptotiques.

Bulletin des sciences mathématiques, 109(3):253-308, 1985.

Christian Bayer, Peter Friz, and Jim Gatheral. Pricing under rough volatility. Quantitative Finance, 16(6):887—

904, 2016.

Christian Bayer, Peter K Friz, Paul Gassiat, Joerg Martin, and Benjamin Stemper. A regularity structure for

rough volatility. arXiv preprint arXiv:1710.07481, 2017.

Christian Bayer, Peter K Friz, Archil Gulisashvili, Blanka Horvath, and Benjamin Stemper. Short-time near-the-

money skew in rough fractional volatility models. arXiv preprint arXiv:1708.05132; to appear in Quantitative

Finance, 2017.

[10] Christian Bayer, Peter K Friz, and Peter Laurence. On the probability density function of baskets. In Large
deviations and asymptotic methods in finance, pages 449—472. Springer, 2015.

[11] Henri Berestycki, Jéréome Busca, and Igor Florent. Computing the implied volatility in stochastic volatility
models. Communications on Pure and Applied Mathematics: A Journal Issued by the Courant Institute of
Mathematical Sciences, 57(10):1352-1373, 2004.

[12] Jean-Michel Bismut. Large deviations and the malliavin calculus. Birkhauser Prog. Math., 45, 1984.

[13] Youness Boutaib and et al. In preparation, 2018.

[14] Yvain Bruned, Ilya Chevyrev, Peter K Friz, and Rosa Preiss. A rough path perspective on renormalization.
arXiv preprint arXiv:1701.01152, 2017.

[15] Giuseppe Cannizzaro, Peter K Friz, and Paul Gassiat. Malliavin calculus for regularity structures: The case of
gpam. Journal of Functional Analysis, 272(1):363-419, 2017.

[5

6

=

8

[



[16]
(17]
(18]
(19]
20]
(21]
(22]
23]

[24]
(25]

(26]
27]
(28]
29]
(30]
(31]
(32]
33]
(34]
(35]

(36]
(37)

(38]
(39]

[40]

[41]

[42]

PRECISE ASYMPTOTICS: ROBUST STOCHASTIC VOLATILITY MODELS 33

Jean-Dominique Deuschel, Peter K. Friz, Antoine Jacquier, and Sean Violante. Marginal density expansions for
diffusions and stochastic volatility I: Theoretical foundations. Comm. Pure Appl. Math., 67(1):40-82, 2014.
Jean-Dominique Deuschel, Peter K. Friz, Antoine Jacquier, and Sean Violante. Marginal density expansions for
diffusions and stochastic volatility II: Applications. Comm. Pure Appl. Math., 67(2):321-350, 2014.

Omar El Euch, Masaaki Fukasawa, and Mathieu Rosenbaum. The microstructural foundations of leverage effect
and rough volatility. Finance and Stochastics, 22(2):241-280, 2018.

Omar El Euch, Masaaki Fukasawa, Jim Gatheral, and Mathieu Rosenbaum. Short-term at-the-money asymp-
totics under stochastic volatility models. arXiv preprint arXiv:1801.08675, 2018.

Omar El Euch and Mathieu Rosenbaum. The characteristic function of rough heston models. arXiv preprint
arXiw:1609.02108, 2016.

Martin Forde, Antoine Jacquier, and Roger Lee. The small-time smile and term structure of implied volatility
under the heston model. STAM Journal on Financial Mathematics, 3(1):690-708, 2012.

Martin Forde and Hongzhong Zhang. Asymptotics for rough stochastic volatility models. SIAM Journal on
Financial Mathematics, 8(1):114-145, 2017.

Peter Friz, Stefan Gerhold, Archil Gulisashvili, and Stephan Sturm. On refined volatility smile expansion in the
heston model. Quantitative Finance, 11(8):1151-1164, 2011.

Peter Friz and Martin Hairer. A course on rough paths. Springer, 2014.

Peter Friz and Harald Oberhauser. A generalized fernique theorem and applications. Proceedings of the American
Mathematical Society, 138(10):3679-3688, 2010.

Peter Friz and Nicolas Victoir. A variation embedding theorem and applications. Journal of Functional Analysis,
239(2):631-637, 2006.

Peter K Friz, Paul Gassiat, and Paolo Pigato. Precise asymptotics: rough stochastic volatility. in preparation,
2018.

Peter K Friz, Stefan Gerhold, and Arpad Pinter. Option pricing in the moderate deviations regime. Mathematical
Finance, 2017.

Masaaki Fukasawa. Asymptotic analysis for stochastic volatility: martingale expansion. Finance and Stochastics,
15(4):635-654, 2011.

Masaaki Fukasawa. Short-time at-the-money skew and rough fractional volatility. Quantitative Finance,
17(2):189-198, 2017.

Jim Gatheral, Thibault Jaisson, and Mathieu Rosenbaum. Volatility is rough. Quantitative Finance, pages 1-17,
2018.

Archil Gulisashvili. Analytically tractable stochastic stock price models. Springer Science & Business Media,
2012.

Archil Gulisashvili. Large deviation principle for volterra type fractional stochastic volatility models. arXiv
preprint arXiw:1710.10711, 2017.

Archil Gulisashvili and Elias M Stein. Asymptotic behavior of the stock price distribution density and implied
volatility in stochastic volatility models. Applied Mathematics and Optimization, 61(3):287-315, 2010.

Patrick Hagan, Andrew Lesniewski, and Diana Woodward. Probability distribution in the sabr model of sto-
chastic volatility. In Large deviations and asymptotic methods in finance, pages 1-35. Springer, 2015.

Martin Hairer. A theory of regularity structures. Inventiones mathematicae, 198(2):269-504, 2014.

Pierre Henry-Labordere. Analysis, geometry, and modeling in finance: Advanced methods in option pricing.
Chapman and Hall/CRC, 2008.

Yuzuru Inahama. A stochastic taylor-like expansion in the rough path theory. Journal of Theoretical Probability,
23(3):671-714, 2010.

Yuzuru Inahama and Hiroshi Kawabi. Asymptotic expansions for the laplace approximations for it6 functionals
of brownian rough paths. Journal of Functional Analysis, 243(1):270-322, 2007.

Yuzuru Inahama and Hiroshi Kawabi. On the laplace-type asymptotics and the stochastic taylor expansion for
ito functionals of brownian rough paths (proceedings of rims workshop on stochastic analysis and applications).
In Proceedings of RIMS Workshop on Stochastic Analysis and Applications, pages 139-152. RIMS Kokyuroku
Bessatsu. B6, 2008.

Antoine Jacquier, Mikko S Pakkanen, and Henry Stone. Pathwise large deviations for the rough bergomi model.
arXiv preprint arXiw:1706.05291, 2017.

Benjamin Jourdain. Loss of martingality in asset price models with lognormal stochastic volatility. preprint
Cermics, 267:2004, 2004.



34 P. K. FRIZ, P. GASSIAT, P. PIGATO

[43] Shigeo Kusuoka and Yasufumi Osajima. A remark on the asymptotic expansion of density function of wiener
functionals. Journal of Functional Analysis, 255(9):2545-2562, 2008.

[44] Shigeo Kusuoka and Daniel W Stroock. Precise asymptotics of certain wiener functionals. Journal of functional
analysis, 99(1):1-74, 1991.

[45] P-L Lions and Marek Musiela. Correlations and bounds for stochastic volatility models. In Annales de I’Institut
Henri Poincare (C) Non Linear Analysis, volume 24, pages 1-16. Elsevier Masson, 2007.

[46] Terry J Lyons. Differential equations driven by rough signals. Revista Matemdtica Iberoamericana, 14(2):215—
310, 1998.

[47] Yasufumi Osajima. General asymptotics of wiener functionals and application to implied volatilities. In Large
Dewviations and Asymptotic Methods in Finance, pages 137-173. Springer, 2015.

[48] Scott Robertson. Sample path large deviations and optimal importance sampling for stochastic volatility models.
Stochastic Processes and their applications, 120(1):66-83, 2010.

[49] Carlos A Sin. Complications with stochastic volatility models. Advances in Applied Probability, 30(1):256-268,
1998.

TU AND WIAS BERLIN, U PARIS DAUPHINE, WIAS BERLIN



	1. Introduction 
	2. Notation
	3. Preliminaries on Black-Scholes asymptotics
	4. Unified large, moderate and rough deviations
	4.1. Basic large deviation assumption (A1)
	4.2. Moment assumption (A2) and large deviation option pricing

	5. Exact call price formula
	5.1. The case of SDEs and (classical) StochVol
	5.2. The case of rough volatility
	5.3. Assumptions (A3-5): robust model specification and control theory
	5.4. The call price formula

	6. Precise asymptotic pricing
	6.1. Precise large deviations
	6.2. Precise moderate deviations

	7. The case of RoughVol
	8. Proof of main result
	8.1. Localization of J
	8.2. Local analysis
	8.3. Proof of Theorem 6.3

	Appendix A. Elements of Regularity Structures
	A.1. The rough vol model
	A.2. Model translation 
	A.3. Homogenous model norms and Fernique estimates
	A.4. Renormalized Wong-Zakai type result
	A.5. ``Stochastic'' Taylor remainder estimates via model norms

	Appendix B. Local analysis around the minimizer
	B.1. First order optimality
	B.2. Non-degeneracy

	References

